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Certain scalar-tensor theories of gravity provide negative-energy, tachyonic modes to a fundamen-
tal scalar inside matter, giving rise to non-perturbative phenomena around compact stars. Studies
of this and other tachyonic instabilities always average over local matter properties. We use elemen-
tary, flat space models to understand possible collective effects and the accuracy of the averaging
procedure. In particular, we consider bodies made of elementary constituents which do not, in
isolation, scalarize because their compactness C is too small, C . Ccrit. We show that when the
individual constituents have compactness smaller but close to the threshold, one is able to scalarize
composite bodies through collective effects, and the compactness of the composite body can be made
arbitrarily small. On the other hand, our results suggest that when the fundamental building blocks
have very low compactness, then scalarization of the composite body requires a global compactness
Cglobal & Ccrit. Thus, our results rule out scalarization of dilute bodies via collective effects.
Introduction. Our understanding of the universe is in-
complete, even at coarse-grained level. A substantial
fraction of the required energy budget necessary to ex-
plain all the astrophysical and cosmological observations
seems to be of unknown nature. If the “Standard Model”
of particle physics – along with its numerous species con-
tent – is a good guide, then one may expect a plethora
of new fundamental fields to be a part of the dark sec-
tor of our universe [1, 2]. The reasons for their elusive-
ness may rest with their very weak coupling to standard
model particles; in such a case, very precise and sensitive
measurements are necessary to probe their existence; al-
ternatively, the equivalence principle suggests universal
behavior even in strong gravity, where new effects such as
superradiant growth of structures around spinning black
holes or stars are possible [3].
Baryonic matter could control the behavior or “awak-
ening” of such new degrees of freedom in different ways.
An appealing framework concerns scalar-tensor theories,
where the new degree of freedom is a non-minimally cou-
pled scalar field Φ. In a wide class of these theories, Φ
is governed by a modified Klein-Gordon (KG) equation
of the form [4, 5] ∇µ∇µΦ = αTΦ, after a proper fluctu-
ation around some background is performed. Here T is
the trace of the local matter stress-energy tensor. The
essence of the mechanism as well as the practical issues
we wish to discuss are all present in flat space and dilute
configurations. These issues concern a negative coupling
constant α. Thus, we wish to focus here on the evolution
equation for a scalar field in flat space, when it acquires
an effective negative mass-squared µ2eff = −µ2 in regions
of nontrivial matter content with density ρ,
∇µ∇µΦ = αρΦ ≡ −µ2Φ . (1)
Our discussion and results will therefore carry over to
any theory with (position-dependent) tachyonic modes.
Scalarization and tachyons in matter. The above
theory admits a trivial scalar Φ = 0 as a solution, but
such solution may be unstable. One of the simplest toy
models consists on a spherically symmetric matter dis-
tribution of radius Rof constant density ρ0, modeling for
example a planet or star. In spherical coordinates and
spherical symmetry, with Φ = e−iωtΨ(r), the KG equa-
tion takes the form
1
r
d2
dr2
(rΨ) + k2Ψ = 0 , (2)
where k2 = ω2 +µ2. The regular solution at the center is
Ψ = A sin(kr)/r. Outside the object, one looks for out-
going regular modes, Ψ = Beiωr/r. Matching the field
and its derivative, one finds the characteristic equation
sin kR = ±k/µ. It is easy to show that an instability is
present iff [6] [7]
µ2R2 >
pi2
4
. (3)
Using the identity µ2 = −αρ0, this result can be ex-
pressed in terms of the compactness C of the sphere,
C ≡ M
R
> −pi
3
3α
≡ Ccrit , (4)
with M the total mass of the sphere.
Two aspects are noteworthy. For large R and fixed
density, an instability sets in, and the final state is in
general a solution with a non-trivial scalar profile. We
term this process “scalarization,” since the trivial solu-
tion with a vanishing scalar is not stable. The under-
standing of the final state is outside the scope of this
work, and requires knowledge about how the scalar back-
reacts on the matter distribution. Such stationary solu-
tions were extensively studied within the context of non-
minimally coupled scalars or vectors [4, 5, 8–14]. Second,
ar
X
iv
:2
00
5.
12
28
4v
1 
 [g
r-q
c] 
 25
 M
ay
 20
20
2the mechanism can be made to work for black holes as
well, if instead of couplings to matter density one consid-
ers higher-curvature gravitational corrections [15–17] or
axionic-type potentials [18]. All that is going to be dis-
cussed here applies qualitatively but not quantitatively
to such setups as well. Most importantly of course, is
the existence of a threshold radius below which Φ = 0 is
the only and stable solution. It teaches us a lesson about
tachyons: by itself a negative but localized mass-squared
is not synonymous of an instability. From Eq. (3) we see
that meaningful and interesting constraints on small |α|
require very compact matter configurations.
Issues with our understanding of scalarization.
The above conclusions can be called into question, and
should be clearly understood for different reasons:
a. The universality of constraint (3). Our interest
was prompted by a simple setup, that of an infinite slab of
matter of thickness L. This essentially one-dimensional
problem, together with the requirement of regularity,
yields characteristic modes as roots of the equation
2iω cos (L
√
ω2 + µ2) = − (2ω
2 + µ2) sin (L
√
ω2 + µ2)√
ω2 + µ2
.
It is easy to see that at small Lµ, ω/µ one can expand
the equation above and get the solution
ω = i
L
2
µ2 . (5)
Thus, an instability is always present, in line with the re-
sult by Ref. [19], since the effective potential V = −µ2 <
0 here. Note that this does not contradict Eq. (3) which
refers instead to a three-dimensional potential, and there-
fore boundary conditions at r = 0 require finiteness of the
field [20]. However, it does call into question the general-
ity of any result with a threshold radius. In other words,
there is some tension between the result in Eq. (3) and
that of Eq. (5). These results can be made compatible of
course, if one realizes that the geometry of the system is
important, which leads one to the next issue.
b. The averaging procedure for composite bodies.
Composite bodies have a fine structure, dictated by their
composition. For example, planets and stars are micro-
scopically described by a density (and therefore µ2) which
varies periodically, large close to atomic nuclei and negli-
gibly small away from these. Such fine structure is impos-
sible to model in current studies, due to the large number
of particles involved. Thus, it is approximated by a lo-
cal average of the star properties. What is the impact of
averaging on the scalarization properties of a body? In
particular, does Eq. (3) also hold for bodies with struc-
ture? Can such bound be violated when a large number
of constituents is considered?
c. Dynamical scalarization of neutron stars. That
geometrical effects can be important is suggested by pre-
vious studies. It was shown, via dynamical simulations of
a binary inspiral in General Relativity, that the presence
of a second body may facilitate scalarization [21]. This is
a hint towards new “collective” phenomena when a large
number of bodies is present.
d. Solid-state physics and periodic lattices. Finally,
there is an interesting connection between investigating
instabilities in the presence of a large number of objects
and investigating bound states (in Schrodinger’s equa-
tion) of large lattices of ions. The latter has a long
history, with some well known results in one-dimension,
such as the Kronig-Penney results for band gaps [22, 23].
Although an analysis of new, lattice-triggered bound
states is not usually reported, there are examples of new
“global” bound states not allowed by ions [24]. This
raises the interesting prospect that a large number of
atoms, say in a chair or in a planet, might permit scalar-
ization when a naive analysis based on its average prop-
erties would predict otherwise.
Collective scalarization. To summarize, Eq. (3) sug-
gests that astrophysical objects can only scalarize for
|α| & 1 if they are neutron stars. Our plan here is
to study composite configurations, and to understand if
their “scalarization properties” are well described by an
averaging procedure. In other words, if condition (3) is
correct on an average sense, then for a composite body
of total mass Mtot and size L, scalarization should be
tied to the condition −αρL2 & pi2/4, with ρ its average
density. Equivalently, the compactness of the compos-
ite body should satisfy Cglobal & Ccrit [25]. This is the
main purpose of this study, to test and challenge this re-
sult. For example, suppose we take a composite body
which is a cube of side L made of N spheres (each of
radius R and density ρ0) equally distributed within the
cube. Then, the scalarization condition (3) can be used,
with the replacement µ2 → −4piαNρ0R3/(3L3). For the
equivalent total size we can either use a circumscribed
or inscribed sphere, yielding L/√2 or L/2 respectively.
One finds the condition
NR3
L & −
3pi
(6± 2)αρ0 =
3pi
(6± 2)µ2 &
1.2
µ2
. (6)
Can this condition be violated both for a single sphere
and for the entire lattice? To investigate this issue we
have investigated three models of matter.
I. The concentric shell model. Analytic results de-
scribing realistic bodies are hard to devise. One can make
progress by building a spherically-symmetric arrange-
ment with radial structure. Consider a sphere of radius R
and density −αρ0 = µ2, surrounded by a series of N con-
centric infinitely-thin shells of radius ri = R+i2γβR, and
density ρδi = γRµ
2δ(r − ri). This model can be worked
out analytically when γ  1. We start with a single
sphere at the critical radius given by Eq. (3). At this
radius, an equilibrium solution of nonzero scalar inside
the sphere is possible. We look for deformations induced
by the outer shells, in a marginal stability situation. We
3find that to order O(γ2),
µ2R2 =
pi2
4
(1− 2Nγ) , (7)
ρjr
2
j =
pi2
4
(1− γ(2jβ + 2N − 3j)) , (8)
where ρj is the average density of the configuration in-
cluding all shells up to j ≤ N .
In other words, this is an example of a composite sys-
tem where the critical threshold for scalarization can be
lowered by increasing the number of shells N (and as
long as β > 1/2). Notice that the compactness of the
central sphere as well as of each shell ρjr
2
j decrease when
N increases. The decrease in compactness is not arbi-
trary, since terms of order Nγ were assumed to be small
in the calculation above. Numerical results indicate that
there are, in fact, lower limits on the compactness of the
configuration for it to be scalarized.
II. The Wigner-Seitz model for a periodic lattice.
To study realistic composite bodies, the assumption of
spherical symmetry must be discarded. Consider now a
lattice of small objects, describing for instance atoms or
nuclei. When the lattice is infinite, the problem can be
reduced to a simpler one of a single object with appropri-
ate boundary conditions at the midpoint with its near-
est neighbours. The classical work by Wigner and Seitz
(hereafter “WS”) showed that simple Neumann condi-
tions on an appropriate cell describe the full problem,
and how in certain limits that cell can be approximated
by a sphere centered on the object [26]. Our problem is
formally equivalent to theirs, and we consider the same,
WS approximation.
Take then a periodic lattice of spheres, each of radius
R (and density µ2 = −αρ0) separated by a distance 2L.
The problem can be formally solved by imposing regular-
ity at the center of one sphere and Neumann conditions
on the scalar at a distance L. One finds the eigenvalue
problem for the eigenfrequency ω
e2iRωωL− − e2iLωωL+ +
√
µ2 + ω2 cot (R
√
µ2 + ω2)
× i (e2iLωL+ + e2iRωL−) = 0 . (9)
Here, L± = (Lω ± i). We find the following description
of the numerical roots of the above equation,
ω ≈ iµ
(
R
L
)3/2
, Rµ pi/2 , (10)
ω ≈ iL−1 , Rµ ∼ pi/2 . (11)
This result indicates that an infinite array of dilute bodies
(where condition (3) is violated individually for each ele-
ment of the lattice) is always unstable, suggesting scalar-
ization.
Of course, Eq. (6) is always satisfied for a periodic but
spatially infinite distribution. Thus, even though each
individual sphere is not scalarized, the entire setup is
just because it is compact enough.
The WS construction can be extrapolated to finite-
sized structures as long as the wavelength of the unstable
mode is shorter than the total sample size, i.e., as long
as 2pi/|ω| . L which can be re-written as,
NR3
L &
pi2
2µ2
, Rµ pi/2 , (12)
L . L , Rµ ∼ pi/2 . (13)
The second condition is trivially satisfied. Thus, when
the individual spheres are close to the critical value for
scalarization, collective effects always work to scalarize
composite bodies, even if their average compactness is
below the threshold. On the other hand, Eq. (12) is sug-
gestively close to the original bound (6). This indicates
that when the building blocks (the individual spheres)
are far from the threshold, then the only way to scalarize
a composite body is for it to satisfy, on the average, a
scalarization condition. However, one needs to turn to
fully numerical calculations for conclusive results.
TABLE I. Summary of our results for the instability threshold
when N equally spaced spheres are arranged in a cube. We
vary the cube lateral length L and determine the threshold
Lcrit above which the configuration is stable. We add also the
corresponding (minimum) critical distance between spheres,
which carry errors of order ∼ 2% or less. Our units are such
that µ2 = 1. The critical compactness NR3/Lcrit violates
threshold Eq. (6) for Rµ & 1, but asymptotes to it for small
Rµ.
N R dcrit Lcrit NR3/Lcrit
8 1.0 1.3 3.3± 0.1 2.4± 0.1
27 1.0 6.6 17.25± 0.25 1.56± 0.02
64 1.0 24.8 80.5± 0.5 0.80± 0.01
125 1.0 > 48 > 200 < 0.62
64 0.5 0.5 4.4± 0.1 1.81± 0.05
125 0.5 1.4 9.4± 0.2 1.66± 0.04
216 0.5 2.4 17± 0.2 1.58± 0.03
343 0.5 3.7 28± 0.3 1.53± 0.02
729 0.5 7.5 59.2± 0.2 1.53± 0.01
III. Numerical results for a cubic lattice. Consider
therefore an array of N equally spaced spheres, each of
radius R arranged in a cubic fashion. We model such a
system through the equation
∇α∇αΦ(t, ~r) = −µ2fµ(~r)Φ(t, ~r) , (14)
fµ(~r) ≡
N∑
a=1
S(|~r − ~ra|) , (15)
where ~ra is the center of each sphere and the mass-
function S should be unity inside the spheres and van-
ishingly small away from them. Numerically, we approx-
imate this function by
S(r) ≡ 1
2
[tanh (hs(r +R))− tanh (hs(r −R))] , (16)
where we typically fix hs = 10.
4FIG. 1. Snapshots of the evolution of a gaussian wavepacket around a cube of lateral size Lµ = 26 composed of 73 = 343
spheres, each of radius Rµ = 0.5. Color intensity depicts magnitude of the scalar field. The left panel shows the initial data.
After tµ ∼ 610 (middle panel), the scalar is localized at the spheres and growing. After tµ ∼ 766 the scalar is now “seeing” the
entire cubic cluster and still growing exponentially.
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FIG. 2. Scalar field profile of an unstable lattice, with 343
spheres (arranged in layers of 7), each of radius Rµ = 0.5
arranged in a cube of side Lµ = 26. The field is measured on
the y = z = 0 plane. Notice that the field derivative vanishes
at the points between spheres.
To perform numerical evolutions of this system we
make use of the EinsteinToolkit infrastructure [27–
29], with mesh-refinement capabilities handled by the
Carpet package [30, 31]. Typically we use four re-
finement levels, with resolutions spanning ∆x = 0.16 in
the region where the spheres are located to ∆x = 1.28
at the outer boundary. We use a cubic grid with size
Lx = Ly = Lz = 128. At the outer boundary we im-
pose Sommerfeld boundary conditions. Due to memory
constraints, it becomes increasingly challenging to probe
configurations with many spheres, where large grids are
required. We initialize the system with a simple Gaussian
pulse,
Φ(0, r) = e−
(r−r0)2
2σ2 ,
where we typically fix σ = 8 and r0 = 40, as seen in the
first panel of Fig. 1.
Our results show convergence between second and
third order. We have further tested our setup and numer-
ical implementation by evolving a single sphere, and fix-
ing µ2 = 1. For large sphere radius we find that the scalar
increases exponentially with time everywhere, whereas
for small sphere radii the initial fluctuation dies off. Our
results indicate that the critical sphere radius for N = 1
configurations is R = 1.58± 0.02, in agreement with the
analytical prediction (3).
Table I summarizes our results for the evolution of
scalar fields around cubic-like arrangements of spheres.
We have tested the predictions from the WS approxi-
mation, and considered two regimes, a near-critical with
Rµ = 1 and a regime where each sphere is far from the
threshold, with Rµ = 0.5. Our results are fully consistent
with the simple WS model: composite configurations of
Rµ = 1 spheres can easily scalarize, the entire lattice
having a compactness which is far from the threshold
for scalarization. An averaging of the lattice properties,
Eq. (6), would predict no scalarization where, in fact,
there is one.
Focus now on arrangements where each sphere is far
from the scalarization threshold, Rµ = 0.5. This is,
potentially the interesting regime for new phenomenol-
ogy. However, our results indicate – in line with the
WS approximation – that to scalarize the entire ar-
rangement then its compactness must satisfy the con-
straint (6). Snapshots of a marginally unstable config-
uration are shown in Fig. 1. The initial ingoing pulse
is seen to produce scalar excitations, initially localized
at each sphere and which then grow exponentially as a
whole, i.e., supported on the entire lattice. The reason
for the accuracy of the WS simple model is supported
in Fig. 2, where we show the scalar profile in the x-axis.
Neumann conditions are indeed a good description of the
field in the midpoints, even for such a relatively low num-
ber of spheres (layers of 7 spheres, a total of 343 spheres).
5Conclusions. Our results are clear. When a body of
constant density is close to, but below the scalarization
threshold (3) it does not scalarize individually. How-
ever, a collection of such bodies can easily scalarize, while
maintaining the average compactness much below the
threshold (6). A intuitive reason, born out of our re-
sults, seems to be that individually-stable objects are still
able to excite modes whose Compton wavelength is large
enough to interfere with its neighbours. When these are
close enough to catch the tail of such modes then col-
lective scalarization can occur. Such crude argument re-
quires a deeper understanding to be made quantitative.
However, collective behavior does not have a significant
impact on our ability to constraint scalar-tensor theories
in the sense that a composite body obeys, to a good ex-
tent (6) in an average sense, when its fundamental build-
ing blocks are far from it. In other words, our results
show that it is legitimate – as far as realistic situations
go – to take the local average of matter properties to
investigate scalarization.
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